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Photons entangled in the orbital angular momentum (OAM) degree of freedom are promising can-
didates for accessing high-dimensional Hilbert spaces with the benefit of increasing the security and
encoding capacity of quantum systems. While it is possible to witness high-dimensional entangle-
ment and obtain bounds on the dimensions, quantifying the dimensionality of OAM entanglement
remains an open challenge. Here we report a measurement scheme that returns the dimensionality
of OAM entangled photons by simple projective measurements. We achieve this by engineering
superpositions of fractional OAM modes such that the resulting azimuthal phase has n identical dis-
continuities. We show that a simple conditional measurement, akin to a Bell measurement, returns
a visibility that scales monotonically with entanglement dimensionality, allowing for a quantita-
tive measurement of the quantum state’s dimension. Our approach overcomes the present hurdles
of arduous quantum state tomographies as well as fair sampling violations in Bell measurements,
providing a simple and direct dimensionality measure of entangled OAM states.
The transverse spatial modes of photons carrying or-
bital angular momentum (OAM) have provided a means
to realising quantum entanglement beyond qubits [1–7].
They have emerged as an ideal resource in quantum in-
formation processing and communication, including su-
perdense coding [8, 9], multi-photon entanglement [10],
quantum teleportation [11] and entanglement swapping
[12, 13], ghost imaging [14–16] and secure communica-
tion in free-space [17, 18] and optical fibre [19–22], fuelled
by their inherent advantages such as robustness against
noise [23] and higher information capacity per photon
[24]. Further, the toolkit to engineer high-dimensional
states is readily available, e.g., by linear [25] and non-
linear processes [26–30], with up to 100×100 dimensions
already demonstrated [31].
Despite these advances, certifying and quantifying the
dimensionality of such systems still remains challenging.
The intuitive approach of simply measuring the width of
the OAM spiral spectrum (OAM bandwidth) is a nec-
essary but not sufficient condition to determine dimen-
sionality as it fails to account for non-local correlations.
Consequently, many techniques have been developed to
witness, bound and attempt to quantify high-dimensional
OAM quantum states. These include single shot mea-
surements of the OAM spectrum [32, 33], approximating
the density matrix via quantum state tomography (QST)
with multiple qubit state projections [34], using mutu-
ally unbiased bases [35, 36] to probe the states, and test-
ing non-local bi-photon correlations by generalised Bell
tests in higher dimensions [37–44]. However, the spec-
trum measurements do not confirm entanglement, the
QST approach scales unfavourably with dimension, only
bounds or witnesses are possible with the probes and the
dimension must be known a priori (e.g., valid for prime
or prime power dimensions), while the high-dimensional
Bell tests often fail the fair sampling condition [45, 46],
invalidating the technique for general states.
Here we present a robust scheme that exploits the
multi-modal nature of fractional OAM modes to quan-
tify the dimensionality of an entangled OAM state. In
our approach, we engineer high dimensional OAM analy-
sers from n odd superpositions of fractional OAM modes
with a half integer charge. This allows us to measure co-
incidence fringes from relative rotations of the analysers
acting on the entangled photons, akin to a Bell measure-
ment. From the visibility of the curves, only reproducible
by entangled photons, we can infer the dimensionality of
our entangled state quantitatively. We outline the con-
cept theoretically and demonstrate it experimentally.
I. METHOD DESCRIPTION
The task here is to measure the dimensions of an en-
tanglement system defined in the OAM basis where each
photon’s transverse mode, denoted by the state |`〉, is as-
sociated with an azimuthal phase profile exp(i`φ), with
` ∈ Z the topological charge and `~ OAM per pho-
ton. In a typical experiment, illustrated in Fig. 1 (a),
a Gaussian pump photon initiates a spontaneous para-
metric downconversion (SPDC) process to produce the
bi-photon state
|Ψ〉 =
L∑
`=−L
λ` |`〉A |−`〉B , (1)
where L is a positive integer, and |λ`|2 is the probabil-
ity of generating photons in the states |±`〉 for photon A
and B, respectively. The distribution of |λ`|2, with ex-
amples shown in Fig. 1 (b), relates directly to the width
of the OAM entangled spectrum, ∆`, (two times the
standard deviation of the distribution) and the Schmidt
number, K, which is turn is associated with the dimen-
sionality of |Ψ〉. For example, a d-dimensional maxi-
mally entangled state has an OAM spectrum that is uni-
formly distributed, |λ`|2 = d−1 = (2L+1)−1, resulting in
∆` = L+1 and K = 2d+1 (see Supplementary Informa-
tion for further examples and details). We wish to inferK
and ∆`, and therefore d, for some bi-photon state, mak-
ing use of fractional OAM mode projectors. We outline
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FIG. 1. Conceptual sketch of the optical setup and mode spectrum our of tailored analysers. (a) Conceptual two
photon entanglement experiment where a high energy photon (Pump) is converted into two spatially entangled photons in a
non-linear crystal (NC). The photons are then measured separately in two arms, A and B, using spatial light modulators (SLMs)
before finally collected by single mode fibers coupled to single photon detectors (D) and time correlated using a coincidence
counter (C.C). (b) Examples of spiral spectra for a maximally entangled state and non uniform spectrum. (c) The OAM
spectrum of a single fractional (|M,α〉n = |0.5, 0〉), with superposition states (d) |M,α〉n = |1.5, 0〉3 and (e) |M,α〉n = |2.5, 0〉5
of our tailored analysers. (f) Example superposition to generate the fractional spiral phase profile projecting onto the state
|M,α〉n = |1.5, 0〉3. Here βk = 2pin k, with k = 0, ..., n − 1, is the position corresponding to the edge dislocation of the kth
analyser relative to its initial position α = 0.
the concept here, with full details in the Supplementary
Information. Fractional OAM modes are spatial modes
with a non-integer average OAM [43]. Initially, these
modes where discovered through the use of single spiral
phase plates (SPPs) with a non-integer phase step and
later generalized to multiple plates [47]. Their phase pro-
file is characterised by a phase discontinuity situated at
an orientation angle, α. A single fractional mode projec-
tor has a transmission function
exp(iΦ) = eiMφ
{
eiM(2pi−α) 0 ≤ φ < α
eiM(−α) α ≤ φ < 2pi , (2)
where φ is the azimuth coordinate and M = m+µ is the
fractional OAM made up of an integer, m ∈ Z, and non-
integer part, µ ∈ (0, 1). In the OAM basis we can write
this as |M,α〉 = ∑` c`,M (α) |`〉 with a spectrum given by
c`,M .
For our approach to work effectively, we need to have
control over the OAM mode spectrum (amplitudes and
phases) that we test for, and so we use a superposition
of n such projectors given by
|M,α〉n = N
n−1∑
k=0
|M,βk ⊕ α〉 , (3)
where N is a normalization constant. Each fractional
mode in this superposition has the same charge, M , but
is rotated by an angle βk ⊕ α = mod {βk + α, 2pi} for
βk =
2pi
n k, as illustrated in Fig. 1 (f). This means that
the average OAM of each contributing fractional mode is
kept constant and only the angular position of the edge
dislocation rotates by an angle of βk with respect to the
initial position, α. Although the average OAM is invari-
ant with respect to the phase gradient M , the spectrum
is not: it has been tailored in amplitude and phase to
cn`,M (α) = N exp(−ipi`(n− 1)/n)An` c`,M (α), (4)
with
An` =
{
1, mod
{
1
2`βn−1, 2pi
}
= 0
0, otherwise
. (5)
The overlap probabilities are then Pn` = |NAn` c`|2, so
that the new spectrum has the same amplitude as be-
fore, |c`,M |2, but modulated by the selection rule An` .
This new spectrum can be tuned by carefully select-
ing n, therefore enabling precise control of the OAM
subspaces. The theoretical spectra of the analysers
|M,α〉n = |1.5, 0〉1,3,5 are presented in Fig. 1 (c), (d) and
(e), respectively. Interestingly, the superpositions with
n > 1 have a sparse distribution in `, with the spacing
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FIG. 2. Theoretical and experimental detection probabilities using superpositions of fractional OAM modes.
Simulated probability curves determined from the overlap 〈0,M |n 〈θ,−M |n |Ψ〉 for (a) n = 1, (b) n = 3 with fractional OAM
of M=1.5 in both cases. Here θ is the relative orientation of the analysers while K is the OAM dimensionality of the entangled
photons. Experimental (points) and theoretical (solid lines) coincidence counts rates between fractional OAM mode analysers
when (c) n = 1 and (d) n = 3 with fractional OAM of M = 1, 5 for both cases, respectively. These correspond to inferred
dimensions of K = 4.89 ± 13.28 and K = 11.68 ± 2.42, respectively. The visibility vs Schmidt number (K) determined from
the probabilities ( (a) and (b) ) curves for (e) n = 1 and (f) n = 3. The dotted lines correspond to the measured visibility
(horizontal) and inferred dimensions (vertical) while the shaded area is corresponds to the range (between the upper and lower
limit) of K values found within an absolute error tolerance of 0.05 between the experiment and theory.
between two consecutive `s with non-zero probability Pn`
given by n.
Next, we wish to project each photon in the SPDC
state of Eq. (1) onto identical but conjugated fractional
OAM states orientated by an angle θ relative to one an-
other. The outcome probability of such a measurement,
i.e., | 〈0,M |n 〈θ,−M |n |Ψ〉 |2, is
Pn(θ) =
∣∣∣∣∣
−∞∑
`=∞
λ` (c
n
`,M (0) c
n
−`,−M (θ))
∗
∣∣∣∣∣
2
, (6)
where λ` is the initial bi-photon OAM spectrum and θ
the relative rotation angle of the two analysers. Although
not immediately obvious, ∆` and K can be inferred from
this probability distribution owing to their dependence
on λ`. Specifically, the measurement of Pn(θ) depending
on the relative orientation θ of two conjugate analysers
results in coincidence fringes, whose visibility Vn(M) can
be used to determine the system degree of entanglement.
We chose odd values of n with M = n/2 since this pro-
duces a high visibility V = 1 for a maximally entangled
state (see details in the Supplementary Information). In
general, both the shape and visibility of the fringes yield
information about the state. In Fig. 2 (a) and (b), we
show the calculated detection probabilities of such a mea-
surement using Eq. (6), as function of θ and dimensions
K for M = 1.5 and n = 1 and 3, respectively. We as-
sumed the spectrum of the modes to be symmetric and
found convenient to model it as a normal distribution.
Examples of the probabilities for a fixed K taken for
each n = 1 and 3 superposition are shown Fig. 2 (c)
and (d), illustrating the periodic nature of the probabili-
ties with θ. We demonstrate the impact of dimensions on
the expected visibilities (continuous lines) in Fig. 2 (e)
and Fig. 2 (f) for the n = 1, 3. The visibilities increases
monotonically with K for each analyser.
Since the visibilities reveal information about the same
quantum systems but in differing subspaces, we introduce
4the parameter
WN =
N∑
k=1
V2k−1(M), (7)
summed over all n = 2k − 1 superposition states up to
some maximum number of modes n = 2N − 1 in the su-
perposition projection, i.e., the last analyser used would
be |M,α〉2N−1. It provides a compact way of quantify-
ing the degree of entanglement in the system. For each
analyser, the visibility increases monotonically with K,
therefore WN produces a monotonically increasing func-
tion, from which the dimensionality of the entangled state
can be read off (see Supplementary Information for the
detailed procedure). The scheme can be summarised as
follows: First, measure coincidence fringes Pn(θ) for var-
ious fractional superpositions n up to some desired num-
ber N . Second, compute the parameter WN and, third,
from this calculate the dimensionality by numerical inver-
sion of WN with respect to the entanglement dimensions
K. Note that K is calculated from the weightings of the
model distribution (see Supplementary Information).
II. RESULTS
The set-up used to demonstrate our scheme is shown
conceptually in Fig. 1 (a) with the corresponding detailed
schematic in the Methods section. To test that our anal-
ysers tailor the spiral spectrum as predicted in Eq. (4),
we projected one photon onto a fractional OAM (super-
position) state and the other onto an OAM state; the
results are given in the Supplementary Information, and
confirm the validity of the holograms. Next, we perform
the key measurement: coincidences between the signal
and idler photons for fractional projections on both arms
as a function of the relative rotation angle of the holo-
grams. To achieve this, we encoded the fractional OAM
mode analyser on the SLM in signal arm fixed at an an-
gle of 0 while the conjugate mode was rotated at angles
θ ∈ [0, 2pi]. Examples of the detection probabilities for a
fixed K taken for superpositions n = 1 and 3, and charges
M = 1.5 (in both cases) are shown in Fig. 2 (b) and
(c), illustrating the periodic nature of the probabilities
with θ. We measured high visibilities of V = 0.96± 0.04
and V = 0.98 ± 0.01. The multiple peaks in Fig. 2 (b)
confirm the azimuthal n-fold symmetry of the analysers
imprinted in the frequency of the detected probability
fringes as predicted by the theory.
In order to demonstrate the impact of the dimension-
ality on the measured visibilities we use four projectors
of n = 1, 3, 5 and 7, with M = n/2 for each case. Firstly,
we show that the upper and lower bounds of the di-
mensionality, K, in combination with the uncertainty,
∆K, can be minimised by iterating through the n the
superposition measurements. In Fig. 2 (e) and (f) we
show the theoretical visibilities for analysers n = 1 and
3 as a function of the Schmidt number K (continuous
(b) (c) N = 4
(a)
FIG. 3. Quantifying the entanglement dimensionality
from the measured visibilities. (a) Dimensionality (K)
versus the number of superpositions (n). The shaded area
corresponds to the calculated theoretically uncertainty ∆K
for ∆V = 0.05 centred around K = 11.5, and the points to
the experimental values. (b) Measured (dashed line) and sim-
ulated (continuous line) visibility as a function of K for pro-
jections with n = 7 superpositions with a measured visibility
of V = 0.63±0.02, we infer K = 11.59±0.23. The shaded area
corresponds to K values within the upper and lower bounds
of K. (c) Measurement of the entanglement dimensions from
the WN parameter: a measured W4 = 3.42±0.09 corresponds
to a dimensionality of K = 11.05±0.30. All uncertainties are
quoted as standard deviations.
lines), and marked as horizontal dashed lines the exper-
imentally measured values from Fig. 2 (c) and (d). The
shaded region corresponds to the area bounded by the
upper and lower limits of K, Kupper = Kn(V + ∆V )
and Klower = Kn(V − ∆V ), for the inferred dimension-
ality, Kn, with an error tolerance ∆V = 0.05. The
bounds yield finite values when |1 − Vmeasured, n| > ∆V ,
so that the width, |Kupper −Klower|, decreases with iter-
ations of the n superpositions. Conversely, the upper
limit of Kn is much larger and as a consequence the
width, |Kupper − Klower|, is also large. This is primar-
ily due to the fact that ddKV (K) ≈ 0 as K increases.
We associate the uncertainty of the measured K with
the standard deviation ∆K = ( dVdK )
−1∆V , which we find
also decreases with increasing n. Since both the width,
|Kupper − Klower|, of K as well as the uncertainty, ∆K
(standard deviation), decrease with n, we can confidently
confirm entanglement dimensions of our system. We il-
lustrate these two key findings graphically in Fig. 3 (a)
for simulated (shaded) and experimental (points) results
in terms of the uncertainty, and confirmed the reduction
in the difference between the upper and lower bounds of
5K in Fig. 3 (b) for n = 7.
Although increasing n yields the desired result, it de-
creases the coincidences in the experiment. We there-
fore use W4 (for the four analysers used) which is a sum
over the measured visibilities and increases monotoni-
cally with K. This is illustrated in Fig. 3 (c) for both
experiment (horizontal line) and theory (continuous line).
We infer from our measurements W4 = 3.42±0.09, yield-
ing K = 11.05 ± 0.30 (see Supplementary Information)
consistent with the result directly from the visibility of
K = 11.59±0.23 for n = 7. Since in our controlled exper-
iment we do in fact have prior knowledge of our SPDC
state, we can perform a sanity check by comparing our
results to that directly inferred from the spiral spectrum,
namely, K = 15 and corresponding ∆` = 9.42. We see
that the spiral spectrum over-estimates the dimensional-
ity.
III. DISCUSSION AND CONCLUSION
High dimensional spatial mode entanglement, partic-
ularly in the OAM degree of freedom, has many poten-
tial benefits that can be used to boost the information
capacity of various quantum protocols. In most lab en-
vironments, measuring the bandwidth, or equivalently
dimensionality, of an entanglement system in a control-
lable way is an essential step. However, this is not an
easy task since the OAM state space is unbounded. The
best approaches to date rely on Bell violations [39] or
projections with multiple mutual unbiased bases [35, 36],
imposing conditions on the dimensions to be tested for
and do not provide a direct measure for dimensionality.
In this paper, we presented a solution to this problem.
We demonstrated a technique to directly measure the
dimensionality of an entanglement system. We achieved
this by engineering superpositions of fractional OAM
modes resulting in OAM superposition states with con-
trollable phases and amplitudes. By encoding two of
these analysers as holograms on SLMs inserted on sep-
arate paths of entangled photons, periodic probability
fringes were observed as a function of their relative rota-
tion. Our theoretical model reveals that the visibility of
the coincidences fringes is monotonically increasing with
the dimensionality of the system, therefore we exploit
this property to measure the dimensionality in a fast and
simple manner.
Unlike a conventional Schmidt decomposition in the
OAM basis, the bandwidth extracted from our technique
requires coherence over many modes. Therefore, a max-
imally mixed entangled system cannot yield the same
result. Moreover, since each analyser projects onto d > 2
dimensions, few measurements are required as compared
to methods that project onto multiple qubit superposi-
tions [31]. Furthermore, while our technique is similar to
the one used for Shannon dimensionality [40], i.e., by us-
ing coincidence fringes obtained from measurements with
angular phase masks, our method is not limited by the
modal spectrum of the analysers because we have better
control of the mode selection for each analyser.
In summary, we have presented a simple yet powerful
technique to quantitatively measure the dimensionality
of OAM entangled photons. Our approach requires no a
priori knowledge of the state, is robust, fast, and provides
a measure on dimensionality rather than a bound or a
witness. While our scheme exploits visibility in fringes
after joint fractional projections, it is not based on a Bell
inequality violation and thus overcomes the fair sampling
issue inherent in related approaches. We believe that
this tool will be useful to the active research in high-
dimensional spatial mode entanglement using the OAM
as a basis.
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METHODS
Holographic fractional OAM mode projections.
The conventional method for generating fractional OAM
modes involves imprinting an azimuthally dependent
phase retardation onto an incoming field with spiral
phase plates [48] or digital holograms [49]. Here, we em-
ployed dynamic phase control with liquid crystal spa-
tial light modulators (SLMs) [50] to generate rotated
fractional OAM phase masks to modulate the trans-
verse plane of photons. We achieved this by preparing
grey-scale holograms encoded with the phase profile (see
Fig. 4 (a)-(d)) of a transmission function corresponding
to the desired projection mode. Accordingly, we pre-
pared holograms with superpositions of multiple rotated
fractional spiral phases having a transmission function,
Tn(α, φ) = 〈φ|Mn(α, φ)〉, where φ is the azimuthal coor-
dinate given by φ = tan−1( yx ), where (x, y) are the coor-
dinates of each pixel. We generated holograms with the
desired phase and subsequently added them to a blazed
grating for a final hologram mapped as
ΦSLM(x, y) = mod {arg (Tn(α, φ))
+Gxx+Gyy, 2pi} , (8)
6FIG. 4. Experimental setup. (a)-(d) Phase profiles of frac-
tional OAM analysers for n = 1, 2, 3, and 4, all with charges
M = n/2, respectively. (e) Experimental setup. SLM: spa-
tial light modulator; L: lens; NC: nonlinear crystal; BS: beam
splitter; M: mirror; SMF: single mode fibre; APD: avalanche
photodiode; BPF: bandpass filter; s: signal; i: idler; C.C:
coincidence counter. Inset: illustration of the hologram gen-
eration.
where Gx,y are the grating wavenumbers in the x and y
directions, respectively. An example of the phase holo-
gram generated of a superposition of three fractional
OAM spiral phases (n = 3 with M = 1.5) is shown in the
insert of Fig. 4 (e).
Experimental setup for measurements on down-
conversion photons. The experimental setup for the
generation and measurement of entangled photons is il-
lustrated in Fig. 4 (e). A potassium-titanium-phosphate
(PPKTP) type I nonlinear crystal was pumped with a
405 nm wavelength diode laser. The crystal tempera-
ture was set to obtain co-linear signal and idler entangled
SPDC photons centred at a wavelength 810 nm. The
photon pairs were then separated in path using a 50:50
beam splitter (BS). Each entangled photon was imaged
onto a spatial light modulator (SLM) using a 4f telescope
(f1 and f2 having focal lengths of 100 mm and 500 mm,
respectively), then subsequently coupled into single mode
fibers with a second 4f telescope (lenses f3 and f4 having
focal lengths of 750 mm and 2 mm, respectively) and fi-
nally detected with avalanche photo-detectors (APDs).
Signals from each arm were measured in coincidences
within a 25 ns coincidence window. The entangled pho-
tons were filtered with 10 nm bandpass filters (BPFs)
centered at a wavelength of 810 nm. For our experi-
mental demonstration, we restrict our measurements to
a fixed ∆` = 9.42 and corresponding FWHM of 11.09.
That is, the dimensionality of the source are kept con-
stant. Moreover we measure visibility against n to show
the impact of using our analysers for measuring high di-
mensional correlations and confirmed our measurements
with the theoretical predictions.
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SUPPLEMENTARY INFORMATION
A. Schmidt number
There are various ways to quantify the dimensional-
ity of a quantum state including measures such as stan-
dard deviations, full width half maximum (FWHM) or
more conveniently the Schmidt number or rank (K). The
Schmidt number quantifies the minimum number of basis
states taken from an overcomplete set, required to fully
describe a quantum system. For example, in the OAM
basis, the product state |`〉 |−`〉, for some integer `, can
be used to represent a two photon quantum state,
|Ψ〉 =
L∑
`=−L
λ` |`〉 |−`〉 , (9)
where |λ`|2 is the probability of detecting the biphoton
state |`〉 |−`〉. The Schmidt number of such a state can
be obtained from
K =
(∑
` |λ`|2
)2∑
` |λ`|4
. (10)
Another convenient measure is the width, ∆`, of the dis-
tribution as two times the square root of its variance
(second central moment), given by
∆` = 2
√∑
` |`|2 |λ`|2∑
` |λ`|2
. (11)
FIG. 5. Examples of various OAM (`) distributions for a
quantum source possessing OAM entanglement.
Both K and ∆` and ` depend on the shape of the
distribution |λ`|2. Examples of various types of distri-
butions for |λ`|2 are shown in Fig. 5 for K = 21. The
distributions are: a square distribution, corresponding to
a uniform (maximally entangled state) within a given `
range, i.e λ` = 1/
√
2L+ 1; a Gaussian (normal) distri-
bution
|λ`g |2 ∝ exp
[
− |`|
2
2σ2
]
, (12)
where σ is the standard deviation; a SPDC source [26, 27]
|λ`S |2 ∝
(
2γ2S
1 + γ2S
)|`|
, (13)
where γS is determined by the experimental conditions;
and a Lorentz distribution
|λ`L |2 ∝
1
piγL
(
1 + `
2
γ2L
) , (14)
where γL is a scaling parameter.
Note that all distributions in Fig. 5 have the same K
value, but differ in ∆`, with ∆` = 12, 11.8, 14.6 and 41.45
for the square, Gaussian, SPDC and Lorentz distribu-
tions, respectively.
9B. Single fractional OAM analyser
A single fractional OAM mode analyser can be repre-
sented on the high dimensional Hilbert space using the
OAM basis modes |`〉 ∈ H∞ as
|M,α〉 =
∞∑
`=−∞
c`,M (α) |`〉 , (15)
where the complex coefficients c`,M (α) are computed
from the overlap integral
∫
e−i`φeiΦM (φ;α) dφ, where
eiΦM (φ;α) is the azimuthal dependent mode characteriz-
ing the analyser orientated at an angle α. Note that a
complete decomposition would require an expansion onto
a complete basis that includes the radial component. For
brevity, we restrict ourselves to the azimuthal degree of
freedom, consistent with [43].
By computing the overlap integral, one arrives at com-
plex amplitudes
c`,M (α) = − ie
−i`α sin (µpi)
pi(M − `) , (16)
with µ representing the fractional part of the total charge
M . The detection probability for each OAM mode with
charge ` is therefore
P` = |c`,M (α)|2 = sin
2(µpi)
pi2(M − `)2 , (17)
consistent with probability amplitudes computed in [43]
for fractional OAM states.
C. Superpositions of fractional OAM analyser
We have shown that fractional OAM modes project
onto the high dimensional state space of OAM modes
with complex amplitudes given by Eq. (16). Next, we
tailor new amplitudes and phases by superimposing ro-
tated fractional OAM modes
|M,α〉n = N
n−1∑
k=0
|M,βk ⊕ α〉 , (18)
where N is a normalization constant. Each fractional
mode in this superposition has the same charge, M , but
is rotated by an angle βk ⊕ α = mod {βk + α, 2pi} for
βk =
2pi
n k. In the OAM basis, Eq. (18) becomes
|M,α〉n =N
n−1∑
k=0
{∑
`
c`,M (βk ⊕ α) |`〉
}
,
=N
∑
`
cn`,M (α) |`〉 (19)
where the coefficients cn`,M (α) are computed from
cn`,M (α) =
n−1∑
k=0
c`,M (βk ⊕ α). (20)
Using Eq. (16) and the condition mod {βk⊕α, 2pi} = 0,
we obtain
cn`,M (α) = N c`,M (α)
n−1∑
k=0
eiβk`. (21)
Since the summation can be evaluated as a geometric
series, after some simplification it results in
n−1∑
k=0
eiβk` = e−
ipi`(n−1)
n csc
(
pi`
n
)
sin(pi`).
Therefore the coefficients can be written as
cn`,M (α) =N e−
ipi`(n−1)
n An` c`,M (α). (22)
where
An` = csc
(
pi`
n
)
sin (pi`) ,
=
{
0 mod
{
1
2`βn−1, 2pi
} 6= 0
1 mod
{
1
2`βn−1, 2pi
}
= 0
. (23)
Subsequently, the overlap probabilities are P`,n =
|N An` c`,M (α)|2. Importantly, the probabilities are in-
dependent of α. Accordingly, the new spectrum has the
amplitudes |c`,M |, but following the selection rule An` . In-
deed, this new spectrum can be tuned by carefully select-
ing n, therefore enabling control of the OAM subspaces.
D. Spiral imaging of fractional OAM analysers
Our fractional OAM analysers can be decomposed into
the OAM basis using entangled photons through digital
spiral imaging. In this scheme, one photon from an en-
tangled pair interacts with the analyser while its twin is
decomposed in the OAM basis. The entangled photon
pair has a biphoton state
|Ψ〉 =
L∑
`=−L
λ` |`〉 |−`〉 , (24)
as defined in Eq. (9). The probability amplitude for de-
tecting the mth OAM mode, given a M charged fractional
mode of n superpositions, is
c˜nm(α) =M〈m| 〈M,α|n|Ψ〉 ,
=M
L∑
`=−L
λ` 〈m|`〉 〈M,α|n| − `〉 . (25)
where M is a normalisation constant such that∑
m |c˜nm(α)|2 = 1. Due to the orthonormality of the
OAM basis, the overlap 〈m|`〉 is simply the Kronecker
delta function δm,`, which evaluates as 0 if ` 6= m or 1
if ` = m. Since from Eq. (22) we know the expansion
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FIG. 6. Measured (bars) and theoretical spectrum (points)
for fractional OAM analysers (a) |M,α〉n = |0.5, 0〉1, (b)|M,α〉n = |1.5, 0〉3, and (c) |M,α〉n = |2.5, 0〉5 resulting
from digital spiral imaging with entangled photons. Here the
weightings are modulated by the OAM spectrum of the en-
tanglement source according to Eq. (26).
coefficients for the analyser in terms of the OAM basis,
〈M,α|n|`〉 evaluates as
c˜nm(α) =M
L∑
`=−L
δm,`λ`
[
cn−`(α)
]∗
=M λm
[
cn−m(α)
]∗
=M λm cn−m(α). (26)
These new weightings are simply the original coefficients
of the analysers modulated by the spectrum of the entan-
gled system. For a maximally entangled state, we obtain
the expression |c˜nm(α)|2 = |cn−m(α)|2, being the original
weightings of the analyser, as desired.
In Fig. 6 we show the measured weightings for our
SPDC system which has a normally distribution of OAM
modes with ∆` = 11 centered at ` = 0. We show re-
sults for |M,α〉n = |0.5, 0〉1 , |1.5, 0〉3 , |2.5, 0〉5 for analy-
sers n = 1, 3 and 5 in Fig. 6(a),(b) and (c), respectively.
It can be seen that the theory and experiment are in
good agreement. To obtain these results, two photons
where generated from an SPDC source and modulated
with SLMs (see experimental setup in Methods section).
One SLM was encoded with a fractional OAM mode pro-
jecting onto the state, |M, 0〉n, while the second SLM was
encoded with OAM basis modes, |`〉.
E. Detection probability from relative rotations of
the analysers
Given a bipartite system of the form of Eq. (24), we
want to know what the detection probability is, due to
the relative rotations of our fractional OAM analysers
acting the entangled photons. Suppose the first analyser
projects onto the state |M, θ1〉n, and the second analyser
projects on the state |M, θ2〉n. A joint measurement on
a two photon system using the two analysers is charac-
terized by the the product state |M, θ1〉n |M, θ2〉n. The
probability amplitude resulting from such a measurement
is
Cn(θ1, θ2) = 〈θ2,M |n 〈θ1,M |n|Ψ〉
=
∞∑
`=−∞
λ` 〈M, θ1|n|`〉 〈M, θ2|n| − `〉 . (27)
Therefore we only need to know how to decompose each
of the analysers in the OAM basis to obtain the detection
probability for the joint measurements. Using Eq. (22),
follows that
Cn(θ1, θ2) ∝
∞∑
`=−∞
λ`︸︷︷︸
SPDC
[ cn`,M (θ1)︸ ︷︷ ︸
analyser
cn−`,−M (θ2)︸ ︷︷ ︸
analyser
]∗. (28)
We use this approach to numerically calculate the detec-
tion probabilities |Cn(θ1, θ2)|2 by simply calculating the
probability amplitudeds for each analyser in the OAM
basis with a desired rotation θ1,2 and multiplying them
with the coefficients λ` that determine the quantum sys-
tem being probed.
An alternative approach, can be to compute the over-
lap integral by considering the modal overlaps in the az-
imuthal degree of freedom, φ, following
〈θ,M |n|`〉 = 1
2pi
∫
exp(−iΦM (φ; θ))× exp(i`φ) dφ
, with (1/
√
2pi)ΦM (φ; θ) being the transmission func-
tion of the fractional OAM analyser projects onto the
state |M, theta〉n. We can rewrite probability amplitude
Cn(θ1, θ2) as an overlap integral given by
Cn(θ1, θ2) =
1
4pi
∞∑
`=−∞
(
λ`
∫∫
e−iΦM (φ1;θ1)ei`φ1
× e−iΦ−M (φ2;θ2)e−i`φ2 dφ1dφ2
)
, (29)
where Φ±M (φ1,2, θ1,2) are the phases of the fractional
OAM analysers. Since e−iΦM (φ1;θ1) has no ` dependence,
we can introduce the summation into the second integral
resulting in
Cn(θ1, θ2) =
1
2pi
∫
e−iΦM (φ1;θ1)
(∫
e−iΦM (φ2;θ2)
× 1
2pi
∞∑
`=−∞
λ`e
i`(φ1−φ2)dφ2
)
dφ1. (30)
it is convenient to define the periodic function
Λ(φ1 − φ2) = 1
2pi
∞∑
`=−∞
λ`e
i`(φ1−φ2),
with angular harmonics ei`(φ1−φ2) determined by the co-
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FIG. 7. Simulated normalised probability curves for (a) n = 1, (b) n = 3, (c) n = 5 and (d) n = 7, with fractional OAM
M = n
2
, as a function of the relative orientation θ between the two analysers and the dimensions, K, of the entanglement state.
The second row of panels (e)-(h) are probability curves for specific K values for each analyser. The normalisation to unity was
performed to illustrate the impact of the dimensions on the visibility. Here, the OAM spectrum shape was assumed to follow
a normal (Gaussian) distribution.
efficients λ`, to rewrite Cn(θ1, θ2) as
Cn(θ1, θ2) =
1
2pi
∫
e−iΦM (φ1;θ1)(∫
e−iΦM (φ2;θ2)Λ(φ1 − φ2)dφ2
)
dφ1. (31)
Notice that the second integral is a convolution between
Λ(φ1 − φ2) and the second analyser. As a example, we
consider a maximally entangled state (λ` := constant).
In this case, Λ(φ1 − φ2) = δ(φ1 − φ2) and therefore
Cn(θ1, θ2) =
1
2pi
∫
e−iΦM (φ;θ1) e−iΦ−M (φ;θ2)dφ.
The integral now only depends in the transmission func-
tions of the analysers with an analytical solution found
in [44].
We now calculate the probability Pn(θ1, θ2) =
|Cn(θ1, θ2)|2 as a function of relative orientation θ =
(θ1 − θ2) between the two analysers and the dimen-
sions, K, of an entangled system with some given OAM
spectrum |λ`|2. The latter is embedded in the function
Λ(φ1− φ2). Figures 7(a)-(d) show examples of the prob-
ability surfaces assuming a normal (Gaussian) spectrum
|λ`|2 for superposition states n = 1, 3, 5 and 7. In the sec-
ond row of panels, Fig. 7 (e)-(h), examples of the prob-
ability curves normalised to unity are shown for several
values of dimensionality K. Here, it can be seen that
the frequency of the probabilities as a function of θ in-
creases with n, owing to the n-fold symmetry in the phase
profiles of the analysers. Crucially, the exact shape and
visibility of the curves depends on both the dimensions
(K) of the state being probed and the number of super-
positions (n). For all ns, the visibility for a specific K
shows a decreasing trend as the number of superpositions
n are increased. Therefore the analysers are sensitive to
the dimensions of the system.
We also found that the shape of the spectrum affects
the measured probabilities, as illustrated in Fig. 8(a)-
(d) for square (maximally entangled), normal (Gaussian),
SPDC and Lorentz distributions.
Now that we have shown how the detected probabili-
ties depended on the dimensions and superposition states
measured, in the following section, we study the relation
between the visibility and dimensions quantitatively.
F. Visibility for different spectra
The visibilities are calculated from detection probabil-
ities resulting from the projections of an entangled state
with an initial OAM distribution |λ`|2 onto the states
|M, 0〉n |−M, θ〉n, where θ ∈ [0, 2pi] is their relative rota-
tion.
For example, for a square (uniform) distribution and
n superpositions of fractional modes the probability is
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FIG. 8. (a)-(d) Comparison of the probability curves for K = 11 for square (maximally entangled), normal (Gaussian),
SPDC and Lorentz spectrum distributions, as a function of the relative orientation θ between the two analysers. Each panel
corresponds to measurements with fractional OAM superpositions n = 1, 3, 5 and 7, respectively. Corresponding visibilities vs
(e)-(h) dimensions, K, and (i)-(l) ∆` (two times the standard deviation).
given by[44]
P (θ1, θ2) =|C(θ1, θ2)|2
=a sin2
(
Mpi
n
)
+ cos2
(
Mpi
n
)
, (32)
with a = (pi(2t−1)−nθ)
2
pi2 for
2pi
n (t − 1) ≤ θ ≤ 2pin (t), t =
1, ..., n, where t indexes each 2pi/n period over the range
of 0 ≤ θ < 2pi and θ = θ1 − θ2. This oscillating function
results in fringes with a visibility function given by
Vn(M) =
1− cos2 (Mpin )
1 + cos2
(
Mpi
n
) .
For n = 1, parabolic fringes with perfect visibility occur
when M = ` + 0.5 for all OAM integer charges `. In
contrast, when n > 1 high visibility fringes occur for
only specific choices of n and M . That is, parabolic
fringes with high visibility (V = 1) are expected when
mod
{
M − n2 , n
}
= 0, with the visibility maximised when
n is odd.
Examples of the probabilities for various OAM spec-
tral shapes of a system being probed are shown in Fig.
8 (a)-(d) for a fixed number of dimensions K = 11 for
n = 1, 3, 5, 7 with M = n/2, respectively. As shown, the
assumed spectrum can affect the visibility that is mea-
sured. Furthermore, the measured visibilities also scale
with dimensionality in terms of K (see Fig. 8 (e)-(h))
and ∆` (see Fig. 8 (i)-(l)). The visibilities for each anal-
yser and spectrum shape are monotonic with increasing
K (∆`). In particular, for the uniform spectrum (max-
imal entanglement in K dimensions) the visibility is 1
above some K = dn and zero below this. We further
exploit this property to determine the dimensionality of
an entanglement system.
G. Measuring the dimensionality
The main goal of our method is to determine the num-
ber of dimensions, d, that give correlations capable of
violating a Bell inequality. In other words, we determine
the highest number of Schmidt modes that maximise d-
dimensional entanglement given a system that has ac-
cess to D ≥ d modes. We achieve this by measuring
13
(a)
(b)
FIG. 9. W4 parameter for various spectra with respect the
Schmidt number K and the standard deviation ∆`.
the visibilities resulting from non-local measurements of
entangled photons using our tailored analysers. In this
section, we discuss 3 different ways in which the visibili-
ties can be used to measure the entanglement dimensions
of a quantum system. In the first method, no assump-
tion is made regarding the shape of the spectrum, and
yields an estimate for the number of dimensions that ap-
proximate d-dimensional maximal entanglement. In the
second and third approaches, the distribution shape is
assumed to be known, and provide a better estimate for
the dimensionality.
As mentioned in the previous section, for a maximally
entangled state (uniform distribution) and analyser n,
there is a number dn, so that for K > dn the measured
visibility will be V = 1. In particular, for n = 1, 3, 5, 7,
we have d1 = 3, d3 = 7, d5 = 11 and d7 = 15, respec-
tively, and which can be used as an indicator of the num-
ber of modes in the investigated system that resemble
a maximally entangled state. Our experimental results
are summarised in Table I, where it can be seen we mea-
sured visibilities V ≈ 1 for analysers n = 1, 3, meaning
that there may be maximal entanglement close to d = 5
dimensions. Importantly, this procedure does not require
knowledge about the shape of the OAM distribution.
However, if the OAM spectrum shape is known, the
entanglement dimensions can be found by numerically
inverting the theoretical visibilities using the results ob-
tained experimentally. That is, given the theoretical vis-
ibilities, Vn(K), the dimensionality K can be determined
TABLE I. A summary of the experimental results.
n dn Vmeasured Kmeasured Klower Kupper ∆K
1 3 0.96±0.04 4.89 4.64 ∞ 13.28
3 7 0.99±0.01 11.65 8.15 ∞ 2.42
5 11 0.85±0.02 10.77 11.59 13 0.36
7 15 0.62±0.02 11.59 11.07 11.98 0.22
by minimising |V measuredn − Vn(K)|. In our experiment
(Table I), we repeated each measurement four times, and
calculated the visibility V and uncertainty ∆V as the
mean value and standard deviation, respectively. In ad-
dition to the uncertainty, we defined ∆Vbound as an error
tolerance, such that |V measuredn −Vn(K)| ≤ ∆Vbound. Us-
ing this value, we can compute the upper (Kupper) and
lower (Klower) bounds for the measured dimensions. We
find that as one increases n, the difference between the
upper and lower bounds of the measured dimensions de-
creases. This occurs when |1 − V measuredn | > ∆V . As a
result, the uncertainty ∆K is reduced by increasing n.
This works favourably for our scheme, since the visibili-
ties increase monotonically with K.
In the third method, we first theoretically compute
WN (K). Figure 9 shows the calculated W4 parameter
as a function of K for various spectral shapes. Here,
we can see W4 is a monotonically increasing function for
all considered spectra. Second, we determine the dimen-
sionality by numerical inversion of WN (K). Specifically,
by minimising |WN (K) −WmeasuredN |, the dimensions of
the system can be inferred. This procedure can be car-
ried out by iterating through the analysers consecutively
(n = 1, 3, 5, 7, ...) until the uncertainty in the inferred
∆K is less than a previously established value. In this
case, ∆K is calculated by non-linear error propagation
of the measured uncertainty ∆W .
